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Preface

The work described in this report was performed by the Engineering Mechanics
Division of the Jet Propulsion Laboratory.
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Abstract

An analytical formulation of the first passage time problem for a linear single-
degree-offreedom vibratory system with a linear viscous damping, and subjected
to either stationary or nonstationary white noise excitation, is obtained as a well
posed initial-boundary value problem. The formulation is based on the Kolmogorov
backward equation, rather than the Fokker-Planck equation. This note should
provide a valuable insight to the problem and serve as an important foothold for
the future study in which, it is hoped, an efficient numerical integration scheme
can be found.
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A Note on the First Passage Time Problem

]. Introduction

In the reliability analysis of engineering systems, it is
often very important to obtain probabilistic information
on the time T at which a random response process X (£) of
the system exits the safe domain of operation for the first
time (first passage time). Although some approximate
methods (Ref. 1) and bounding techniques have been
developed (Refs. 2—4), even for most fundamental cases,
such as a linear single-degree-of-freedom system with a
linear viscous damping (for which the theory of the
second-order Markov process can apply), the exact solu-
tion to this first passage time problem is not known at
present,

In this note, an analytical formulation of the first pas-
sage time problem for a linear single-degree-of-freedom
vibratory system with a linear viscous damping, subjected
to either stationary or nonstationary white noise excitation,
is obtained as a well posed initial-boundary value problem.
This formulation is based on the Kolmogorov backward
equation, rather than the Fokker-Planck equation (Ref. 5),
since the latter (Kolmogorov forward formulation) pre-
sents an analytical ambiguity in specifying the bound-
ary condition.
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Because this point has never been noted and no con-
sistent initial-boundary value formulation involving the
first passage time of the system has been explicitly given,
this note should provide a valuable insight to the problem
and serve as an important foothold for the future study
in which, it is hoped, an efficient method of numerical
integration can be found, if not an analytical solution.

Consider a single-degree-of-freedom linear oscillator
subject to the random excitation g (£):

X + 20X + X = g(¥) (1)

where ¢ and o represent, respectively, the damping ratio
and the undamped natural frequency of the oscillator.
The excitation g () can be a stationary white noise n(f)
or a nonstationary white noise ¢ () n (£) with ¢ (¢) being a
deterministic function of 4.

Equation 1 is equivalent to a set of two equations



It is well known (Ref. 5) that X and Y are jointly
Markovian under the excitation g () described above.
In general, let

X (6) = [Xu(8), Xe (2), - - -, Xu(8)]

be an n-dimensional Markovian random vector process and

x= [x,%, " - %] and X = [X,%,, - - - ,En]

be n-dimensional vectors. The transition probability den-
sity f (x, #;; %, ;) and the transition distribution function
F (x,t,;%, ;) of the Markovian random vector process are
by definition

f(xa tl; i} t2) = F:c_l;)-z PR En (x> tl; .i, tz)

F(x,t;%,t) = P[X (%) =X|X(t) =x] 3)
where the subscript represents the partial differentiation
and P [E, | E.] is the conditional probability of the event
E, given E,.

It is shown (Refs. 6 and 7) that the transition prob-
ability density satisfies the generalized Kolmogorov back-
ward equation

e bR = 2 ]2 3 (5 82) fages (%, 8 % 1)
+§_:1 bi(%t) fe, (5, 85T 8) (82> 1)
4)
and
Flx, b % 8) = n 5 (% — %)) 5)
where

@ (x,8) = lim ﬁE [AX; () AX; (£)| X () = x]

Aty—>0

b;(x,t;) = lim Zt—E[AX tJ]X(t1 =x]

Ati—0

AX«,‘, (tl) = X,; (t1 + Atl) - Xi (tl) (6)
with E and 3 (£) denoting the expectation and the Dirac
delta function, respectively. Equation 5 simply states that

no change of state may occur if the transition time is zero.

. White Noise Excitation
A. Differential Equation and Initial Condition

Integrating Eq. 2 and using Eq. 6 with X, () = X ()
and X, (t) = Y () one can show that the Kolmogorov back-
ward equation associated with the equation of motion
(Eq. 2) is

fr(xy; 7%, y; ) = 2Lo®0*fyy (%, Y; %, Y; T)
~ (2Loy + o*2) fy (%, 45 %, 3 7)

+ yfe (%, 4: 5,55 7) (7)
where
r=8—%
o2 = 78/2fe®
and
f,y:%,y7) =f(%,9,85%,9, 1)

:_"Fii(x:y:tl; 97,’!?, tz)
F(x>y§i§75") .:‘F(xbystl;E y,tz)

=P[X ()%, Y (&) y|x

=P{X(r)=xY( T)éy‘X

=x, Y (tl)' = y]
=% Y (0)=

(8)

with s = the mean square spectral density function of n (%).
Equation 5 reduces to
fxy:%,5,0) =8 (x— %) 8 (y — ¥) (9)

B. Boundary Condition

For the two-sided barrier problem, where the safe
domain D is defined by —b<x <@g, —0 <y < o,
(b >0,a > 0), the boundary conditions are

f(‘hyéo;E)y;T) =0
f(—b,y=0;%,y,7) =0
(x,9)eD (10)

fl,y=—~o;%,7;7) =0

It can be seen from Eq. 10 thatx =a, y=0 and x = —b,
y =0 are two mathematically, as well as physically mean-
ingful, absorbing barriers in the phase plane. If either
a or b is infinite, it is the one-side barrier problem.
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C. Distribution Function of the First Passage Time T

The distribution function, F (r; x,y), of the first passage
time T given X (0) = %, Y (0) =y is

F(rnxy) =P[T=+X0)=xY(0)=

—1 —[“ " o s £ o) dp dE
-b —-—Ch
(1)

In other words, F (r; %, y) is the probability that the
response process X (t) exits the safe domain D before
time =, whereas it is at the state (x,y) at t = 0.

Integrating Eq. 7 and using Eq. 11, the governing
differential equation is obtained. To obtain the initial
and boundary conditions for the distribution function of
the first passage time, Egs. 9 and 10 are integrated and
used with Eq. 11, as follows:

1
—Z:FN(N;x,y) = 2{F,, (N;x,y)
—(28y + x) Fy(N; x,y)
+sz(N5x>y) N>0
FO59)=0  (5y)eD

(12)
F(N;a/o,y>=0) =1

F(N; = b/o,y<0) = 1
F(N;x,0)=1

F(N;x,—0)=1

where the following transformation has been made to
nondimensionalize x, ¥ and -

% = x/o

Y= y/«r«f (13)

N = 70/27 = number of cycles of undamped oscillation
and x and y are written for x; and y, again. It is to be
noted from Eq. 12 that when the barrier levels are mea-
sured in terms of o, standard deviation of the response
process X (t), the distribution function F (N; x,y) depends
only on the damping ratio ¢ for a given starting condition.
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D. Stationary Starting Condition

If one is interested in the stationary starting condition
for which there is an ensemble of values distributed
according to the stationary response distribution, then the
distribution function F (N) of the first passage time N is

F(N)= [“b/‘rv(x) dx +]:° V (x) dx
N /://:/_: F(N;x,y)V(x)V(y) dy dx (14)
where |
V (x) = (2n) % exp (—22/2) 15)

since it can be shown that X () and Y (¢) are independent
standardized gaussian processes under stationary start-
ing conditions. The first two terms on the right hand side
of Eq. 14 indicate the probability of initial failure.

Hil. Nonstationary Excitation

When the excitation g (¢) is a nonstationary white noise,
¢ () n(t), one can derive in a similar fashion the govern-
ing differential equation and specify the initial and bound-
ary conditions for the first passage time. However, the
transition probability density and the transition distribu-
tion function no longer depend on the time difference =
only, but on ¢, and #,. The results are given as follows:

Fr(r;%,y,1) = wsy2(t, — 7) Fyy (r3 2,9, )
— (28wy + o®x) Fy(m;%,y, )

+ yF; (3%, 9, 1) >0
F(0;x,y,%,) =0 (x,y)eD
F(ra,y>0,8)=1 (16)
F(r; —b,y=0,t,) =
F(r;%, 00,8) =
F (3%, —o0,t) =
where
thh=t—r7
F(r;x,y,t) =P[T=<7|X({t) =xY (t) =y] 17

is the probability that the response process X (¢) exits the
safe domain D before time + has elapsed (or before time ¢,
is reached) given X (¢,) = x, Y (¢,) = y with (x,y) € D.



V. Conclusion

parabolic equation, for which many results on existence,
uniqueness, and regularity theory have been obtained

In conclusion, the differential equations in Egs. 12  (Refs. 8-10). It is suggested that effort be made to develop
and 16 belong to a class known as the degenerate elliptic-  an efficient numerical scheme for the present problem.

- 10.
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